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Abstract
The aim of this paper is to give necessary and sufficient conditions for rings for which every right self-
small module is finitely generated. It is proved that: semi-simple rings, commutative perfect rings and right
nonsingular Σ-extending rings have this property; a right nonsingular semi-prime ring has the property if
and only if it is semi-simple; a commutative noetherian ring has the property if and only if it is artinian.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let R be a unital ring. A right R-module M is called self-small if the covariant functor
Hom(M,−) commutes with direct sums of copies of M . This notion was introduced by Arnold
and Murley in [2] in order to study some generalization of a well known Baer’s Lemma, [10,
Proposition 86.5]. Meanwhile, these modules were useful in the study of a large variety of prop-
erties as splitting properties, [1] and [5], properties for homomorphisms of graded modules, [11].
Maybe the most important utility of self-small modules is in the study of representable equiv-
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context they are viewed as generalizations for finitely generated modules and they are used in the
definition of -modules, [6]. In [18] it is proved that every -module is finitely generated. How-
ever, the property “finitely generated” is not valid for some generalizations of -modules, [19].
These two results had lead to the following problem: “Characterize the rings for which every
small right module is finitely generated.” These rings are called right steady and they are stud-
ied in [7,9,15,20–22]. We recall that a right R-module M is small if the covariant functor
Hom(M,−) commutes with arbitrary direct sums.
In the present paper we consider the problem: “Characterize the rings for which every self-
small right module is finitely generated.” We call these rings right strongly steady. The class of
right steady rings is larger than the class of right strongly steady rings. To see this it is enough
to consider the ring Z of all integers. This ring is right steady but it is not a right strongly steady
ring. For example Q is a self-small Z-module which is not finitely generated.
In the second section we present some basic facts. It is proved that a ring is right strongly
steady if it is semi-simple (Proposition 2.5) or perfect and commutative (Theorem 2.9). We men-
tion here that in [7, Corollary 1.6] it is proved that every right perfect ring is right steady. This is
not the case for the strongly steady property. We show in Example 3.11 that a right artinian ring
which is not right strongly steady does exist.
In Section 3 we consider right nonsingular rings which are right strongly steady. The study
of this case is in fact a part of a more general problem in module theory which asks to find cor-
respondences between properties of a ring S and a unital subring R  S such that S is finitely
generated as a right R-module, [4], [13, Section 3]. If R is a right strongly steady right nonsin-
gular ring then it is right artinian (Theorem 3.9). Moreover, a right nonsingular ring which is
commutative or semi-prime is right strongly steady if and only if it is semi-simple (Theorems 3.8
and 3.12). In Example 3.13 we proved that there exist right nonsingular strongly steady rings
which are not semi-simple. Finally it is shown in Proposition 3.16 that every right noetherian
strongly steady ring is right artinian. Using these we prove in Theorem 3.17 that a commutative
noetherian ring is strongly steady if and only if it is artinian.
In this paper every ring is associative and unital. If R is a ring, then J denotes the Jacobson
radical of R. A module (or R-module) means right module over a ring R. All unexplained notions
and notations can be founded in [12–14] and [16].
2. Basic facts
We start with some closure properties for the class of right strongly steady rings.
Lemma 2.1. Strongly steadiness is preserved by factorization.
Proof. Let R be a right strongly steady ring and I an ideal of R. The ring R/I is right strongly
steady as a consequence of the equality HomR(M,N) = HomR/I (M,N) for all right R/I -
modules M and N . 
Lemma 2.2. Every infinite product of rings contains a self-small nonfinitely generated ideal.
Proof. By [17, Lemma 2.4] any infinite product of rings contains nonfinitely generated ideal
which is small as a right and a left ideal. 
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Ri is right strongly steady for every i ∈ I .
Proof. (⇒) By Lemma 2.2, the set I is finite. Any ring Ri is right strongly steady since it is a
factor of
∏
i∈I Ri .
(⇐) Let M be a self-small module. Then every right R-module M is isomorphic to a finite
direct product M ∼=∏i∈I Mi , where each Mi is a right Ri -module. It is not hard to observe that
M is a self-small right R-module if and only if every Mi is self-small as an Ri -module. Since
Mi is finitely generated for each i ∈ I , M is finitely generated as well. 
Since Morita equivalences preserve (and reflect) finitely generated modules as well as self-
small modules, we deduce immediately the following result.
Lemma 2.4. The property “to be right strongly steady” is preserved by Morita equivalences.
Proposition 2.5. Every semi-simple ring is right strongly steady.
Proof. It follows immediately from Lemmas 2.3 and 2.4. 
Lemma 2.6. Let R be a right perfect ring. If 0 = M is a right R-module, then M has a nonzero
simple quotient.
Proof. The Jacobson radical of R is right T -nilpotent, hence MJ = M by [14, Theorem 23.16].
Moreover, M/MJ can be viewed as a right R/J -module. Since R/J is semi-simple, it has a
nonzero simple summand (as an R/J -module). But every simple R/J -module is simple as an
R-module, and the proof is complete. 
For the convenience of the reader we recall a characterization of self-small modules which
was proved in [2, Proposition 2.1].
Proposition 2.7. A right R-module M is not self-small if and only if there exists a countable
chain M0 ⊆ M1 ⊆ · · · ⊆ Mn ⊆ · · · , n < ω, of submodules of M such that M =⋃n<ω Mn and for
every n < ω there exists a nonzero endomorphism fn :M → M such that fn(Mn) = 0.
Remark 2.8. We can suppose that the chain of submodules in the previous proposition is strictly
increasing. We recall that a right R module is not small if and only if it is a union of a strictly
increasing countable chain of submodules.
Proposition 2.9. Every commutative perfect ring is (right) strongly steady.
Proof. A commutative perfect ring is product of finitely many local perfect rings, hence it is
enough to prove the property for the local case.
Let R be a local commutative perfect ring and S = R/J , the simple R-module. Fix an
R-module M which is not finitely generated. Since R is steady by [7, Corollary 1.6], M is not
a small module. Therefore, we have a strictly increasing chain of submodules Mn  Mn+1  M
such that M =⋃n<ω Mn. If n < ω, since M/Mn = 0, there exists an epimorphism M/Mn → S
by Lemma 2.6. But M has a submodule isomorphic to S as a consequence of Bass Theorem.
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which proves M is not self-small. 
3. Right nonsingular and noetherian rings
Suppose that G is a Gabriel topology on the ring R and M is an R-module. We will denote,
as in [16], by MG the module of quotients of M with respect G.
Lemma 3.1. Let R be a right nonsingular ring, G a Gabriel topology on R and N a G-torsion-
free right R-module. If K is an R-submodule of N and M is the RG-submodule of NG which is
generated by K then M/K is a G-torsion R-module.
Proof. We consider KG as a submodule of NG and we construct M as a submodule of KG.
Then M/K is a submodule of the G-torsion R-module KG/K , hence M/K is G-torsion since
the torsion theory induced by G is hereditary. 
Recall a useful observation made in [8, Lemma 12.4] and [16, Exercise IX.15]:
Lemma 3.2. Let R be a ring and G a Gabriel topology on R. If M and N are RG-modules
such that N a G-torsion-free as an R-module then the canonical map HomRG(M,N) →
HomR(M,N) is an isomorphism.
Lemma 3.3. Let R be a right nonsingular ring and G a Gabriel topology on R.
(1) If M is a G-torsion-free small R-module then MG is self-small as an R-module.
(2) If M is a self-small RG-module which isG-torsion-free as an R-module then M is self-small
as an R-module.
Proof. (1) Let f :MG → M(I)G be an R-homomorphism. Since M is small, there exists a finite
subset F ⊆ I such that f (M) ⊆ M(F)G . Therefore the R-homomorphism f¯ :MG/M → M(I\F)G ,
f¯ (x+M) = πI\F f (x) is well defined (πI\F :M(I)G → M(I\F)G denotes the canonical projection).
But HomR(MG/M, (M
(I\F)
G )) = 0 since MG/M is G-torsion and MG is G-torsion free, hence
f¯ = 0. It follows that f (MG) ⊆ M(F)G .
(2) If I is a set then M(I) is G-torsion-free as a right R-module, hence every R-
homomorphism f :M → M(I) is an RG-homomorphism by Lemma 3.2, and it follows that
there exists a finite subset F ⊆ I such that Im(f ) ⊆ M(F). 
As usual, we denote by Qmax the maximal right ring of quotients of a ring R. Since Qmax
is torsion-free over any nonsingular ring, we may conclude the following consequence of
Lemma 3.3(1):
Corollary 3.4. If R is a right nonsingular ring, then Qmax is a self-small R-module.
For the proof of the next proposition we use an idea presented in [9, Theorem 2.8]. We also
need some technical results.
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N ⊆ M such that gen(N)  κ there exists a finitely generated submodule F for which N ⊆
F ⊆ M .
Remark 3.5. Note that a κ-reducing module is small by [9, Lemma 1.5], hence self-small, for
every infinite cardinal κ .
Lemma 3.6. Let R be a subring of a ring Q such that Q is finitely generated as a right R-module.
(1) Every nonfinitely generated ω-reducing Q-module is nonfinitely generated ω-reducing as an
R-module.
(2) If Q is simple regular which is not right artinian, every injective Q-module is small as an
R-module.
Proof. (1) An easy observation.
(2) Since Q is a nonartinian regular ring, it contains a set of nonzero orthogonal idempotents
{en | n < ω}, i.e. we have a right ideal ⊕n<ω enQ ⊆ Q.
Now, we modify the proof of [7, Lemma 1.10]. Let P be an injective Q-module and assume
that P =⋃n<ω Pn for a strictly increasing chain of R-submodules P0  P1  · · ·  Pn  · · · .
Note that PenQ = P because Q is a simple ring, so there exists pn ∈ P such that pnenQ  Pn.
As P is Q-injective, the Q-homomorphism ϕ :⊕n<ω enQ → P defined by the rule ϕ(enr) =
pnenr may be extended to a homomorphism ϕ :Q → P . Hence there exists p ∈ P such that∑
n<ω pnenQ ⊆ pQ = Imϕ. Since pQ is a finitely generated R-module, there is k < ω for
which pQ ⊆ Pk , so ∑n<ω pnenQ ⊆ Pk , a contradiction. 
Proposition 3.7. If R is a right nonsingular right strongly steady ring then its maximal ring of
quotients Qmax is semi-simple.
Proof. First, note that Qmax is a finitely generated R-module by Corollary 3.4 and Qmax is
a regular and self-injective ring by [16, Proposition XII.2.2 and Corollary XII.2.3]. Therefore,
from [12, Theorem 10.22], Qmax is a direct product of rings Qmax = Q1 × Q2 × Q3 such that
Q1 is of type If , Q2 is of type IIf , and Q3 is a purely infinite ring. We view all these factors
of Qmax as two-sided ideals of Qmax.
Suppose Q2 = 0. Then for every maximal two-sided ideal M which contains Q1 and Q3
we deduce, using [12, Theorem 10.29], that Qmax/M is of type IIf . It follows that Qmax/M
is not artinian by [12, Theorem 10.26]. Then R ∩ M is a two-sided ideal of R and R/R ∩ M
can be embedded into Qmax/M such that Qmax/M is finitely generated as a right R/R ∩ M-
module. Then R/R ∩ M is not right steady as a consequence of Lemma 3.6(2), a contradiction,
hence Qmax = Q1 ×Q3. Moreover, Qmax has no purely infinite factors. Note that every injective
module over a purely infinite ring is ω-reducing by [12, Proposition 5.8] and [17, Example 2.8],
so any nonfinitely generated injective module over Q3 is nonfinitely generated ω-reducing as
an R-module by Lemma 3.6(1). Hence by Lemma 2.2 Qmax is directly finite of type If . Then
Qmax ∼=∏n∈I Mn(Sn) where Sn, n < ω, are abelian regular rings and I is a countable set by
[12, Theorem 10.24]. Assume I is infinite. Then Qmax contains a nonfinitely generated self-
small right ideal, which is torsion-free as an R-module, so it is a nonfinitely generated self-small
R-module by Lemma 3.3(2). Then I is a finite set. Using again Lemma 3.3(2) we deduce that
for every n ∈ I every small ideal of Mn(Sn) is finitely generated. Then every small ideal of Sn
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proof of [9, Theorem 2.8] we deduce that Sn are semi-simple rings for all n ∈ I and the proof is
complete. 
From this result we obtain a first characterization theorem.
Theorem 3.8. The following conditions are equivalent for a nonsingular commutative ring R:
(a) R is artinian;
(b) R is semi-simple;
(c) R is (right) strongly steady.
Proof. (a) ⇒ (b). It suffices to prove that J = 0. If s ∈ J ∩ Soc(R), then Soc(R) ⊆ Ann(s). As
R is nonsingular, s = 0, hence J = 0. The implication (b) ⇒ (a) is obvious.
(b) ⇒ (c). By Proposition 2.5.
(c) ⇒ (b). By Proposition 3.7 and [13, Corollary 3.97]. 
In fact, the conclusion “R is artinian” is valid for all right nonsingular rings.
Theorem 3.9. Let R be a right nonsingular right strongly steady ring. Then R is right artinian.
Proof. Applying Proposition 3.7 and [16, Theorem XII 2.5] we deduce that R is of finite rank.
Therefore (Qmax)R ∼= E(R) ∼=⊕im E(Si) for uniform R-submodules (right ideals) Si of R,
i  m. Here E(Si) denotes the injective envelope of Si . Note that every E(Si) is simple as a
right Qmax-module.
We show that every nonzero R-submodule N of E(Si) is self-small, so finitely generated.
Let N =⋃n<ω Ni for an strictly increasing chain of nonzero submodules. Since Si is essential
in E(Si), Si ∩Nn = 0 for all n. For an arbitrarily n < ω, take ϕ ∈ EndR(N) such that ϕ(Nn) = 0.
Then ϕ can be extended to a homomorphism ϕ ∈ EndR(E(Si)). Since E(Si) is a torsion-free
module (concerning maximum Gabriel topology) and E(Si) ∼= Si ⊗ Qmax, we have a natural
bijection EndR(E(Si)) → EndQmax(E(Si)) by Lemma 3.2. Hence ϕ is a Qmax-endomorphism of
a simple Qmax-module which is not mono, so ϕ = 0. Applying Proposition 2.7, we obtain that
N is a self-small module. Then E(Si) are noetherian R-modules for all i m, hence Qmax is a
noetherian R-module since it is a finite direct sum of noetherian modules.
Therefore R is a right noetherian ring. Since R is a right strongly steady ring, Qmax ∼= E(R)
is finitely generated as a right R-module. Then R is right artinian as a consequence of [3, Corol-
lary 5.1]. 
Corollary 3.10. Let R be a right nonsingular ring which is strongly steady. Then its maximal
ring of right quotients is artinian and noetherian as a right R-module.
The conditions R is right artinian does not imply R is right strongly steady.
Example 3.11. The ring R = (Q R) is nonsingular right artinian but it is not right strongly steady.0 R
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(
R R
R R
)
which
is self small as an R-module by Corollary 3.4. Since Qmax is an infinitely generated R-module,
R is not right strongly steady. 
Theorem 3.12. The following conditions are equivalent for a nonsingular semi-prime ring R:
(a) R is semi-simple;
(b) R is right strongly steady.
Proof. (a) ⇒ (b). By Proposition 2.5.
(b) ⇒ (a). We apply Proposition 3.7 to obtain that the maximal ring of quotient is semi-simple.
Applying [16, Proposition XV.3.3], Qmax is the classical ring of right quotients of R. Using [14,
Exercise II.16] we deduce that R and its classical ring of quotients coincide and the proof is
complete. 
The following example shows that the hypothesis “R is semi-prime” is not superfluous. More-
over, it follows that another important class of (nonsingular) rings is included in the class of
strongly steady rings.
Example 3.13. Every upper triangular matrix ring Tn(K) over a division ring K is strongly
steady.
Proof. The proof is by induction on n. If n = 1 the property is obvious. Supposing that Tn(K)
is a strongly steady ring, we will prove that Tn+1(K) is strongly steady. We observe that the
right socle of Tn+1(K) is the ideal S which consists in all matrices with 0 on the first n columns.
Moreover S is the smallest essential ideal of Tn+1(K), hence every singular Tn+1(K)-module
is annihilated by S. Therefore a singular Tn+1(K)-module M is a Tn+1(K)/S-module and M
is self-small as a Tn+1(K)-module if and only if it is self-small as a Tn+1(K)/S-module. Since
Tn+1(K)/S ∼= Tn(K), a singular self-small Tn+1(K)-module is finitely generated by the hypothe-
sis. Moreover, every nonsingular right Tn+1(K)-module is projective (see the proof of [8, 12.21]),
hence it is a direct sum of projective cyclic ideals since Tn+1(K) is an exchange ring, and it fol-
lows that a nonsingular self-small Tn+1(K)-module is finitely generated. To close the proof, it
is enough to observe that every Tn+1(K)-module is a direct sum of a singular module and a
nonsingular module by [16, Section VI.8]. 
We recall that a ring R is right (left) Σ -extending if for every set I every submodule of
the right R-module R(I) is essential in a direct summand of R(I), i.e. every free right (left) R-
module is an extending module. A ring which is right and left Σ -extending is called Σ -extending
ring. We recall from [8, 12.21] that a nonsingular right Σ -extending ring is Σ -extending. Using
Lemma 2.4 and [8, 12.21], we obtain
Corollary 3.14. If R is a nonsingular and Σ -extending ring then every self-small R-module is
finitely generated.
From Corollary 3.4 we can deduce directly that for a right nonsingular ring, which is right
strongly steady, the right R-module Qmax is finitely generated. In the following example we
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ring is strongly steady.
Example 3.15. There exists a right nonsingular ring R with simple maximal ring of quo-
tients Qmax such that Qmax is finitely generated as a right R-module and R is not strongly steady.
(There exists a right nonsingular ring R which is not right artinian with simple maximal ring of
quotients Qmax such that Qmax is finitely generated as a right R-module.)
Proof. We consider the ring
R =
(R R R
0 Q R
0 0 R
)
.
It is not hard to see that R is not right artinian. If we calculate a cyclic right ideal generated by
an element of R we observe that it contains one of the ideals which have only 0 on the first two
columns and two 0 and one R on the last column. Therefore, the right socle of R is
S = Soc(RR) =
(0 0 R
0 0 R
0 0 R
)
.
Using [13, Lemma 7.2] we deduce that R is right nonsingular. Moreover, by direct calculations
it follows that S is a dense ideal of R and it is minimal (since every proper R-submodule of S
is not essential in R, [13, Examples 8.3]). Hence by [13, Theorem 13.22] we deduce Qmax =
Mat3×3(R).
The right R-module Qmax(R) is generated by E11, E12 and E13, where Eij denotes the matrix
which have 1 on the position (i, j) and 0 on the other positions. 
Now we can complete Theorem 3.9.
Proposition 3.16. Every right noetherian right strongly steady ring is right artinian.
Proof. As R/N(R) contains no nilpotent ideal, R/N(R) is a right nonsingular strongly steady
ring by [16, Lemma II.2.5], and it is semi-prime. Therefore it is semi-simple by Theorem 3.12.
By [16, Corollary XV.1.3] N(R) ⊆ J (R), and J (R)/N(R) ⊆ J (R/N(R)) = 0 from which it
follows N(R) = J (R). Applying [16, Lemma XV.1.4] we deduce that J (R) is nilpotent, which
implies that R is a right artinian ring as a consequence of Hopkins–Levitzki Theorem [14, The-
orem 4.15]. 
Theorem 3.17. For a commutative noetherian ring R, the following properties are equivalent:
(a) R is artinian;
(b) R is (right) strongly steady.
Proof. The implication (b) ⇒ (a) follows by Proposition 3.16 and the reverse one holds true by
Proposition 2.9. 
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